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+• ULtA^dafir + A^dr2,      (i, k, I = 1, 2, 3)
where
The direct calculation of the values of the coefficients is difficult : but we shall prove by an indirect method that the proper form is
mn  nJT* df = —¥~ (da* + da* + da*) + dv*,
where k is a constant.
To do this, consider any curve C, defined by the equations
If P0 is any fixed point on C and 6 is the angle between the geodesic lines OPQ and OP, 6 is a function of t and hence t is a function of 0, which for small portions of C is one valued. We may consequently write for the equations of C
If from these four equations we omit the fourth, thus allowing T to take any value, we have the equations of a surface, which passes through the curve (7, as is evident, and also contains the point 0 since the equations are satisfied by T — 0. The surface is analogous to a cone of the Euclidean geometry, for the lines 6 = const, are geodesic lines radiating from 0 to the points of (7. These lines form one of the systems of coordinate curves on the surface ; the other system is composed of the lines T = const., each of which is the locus of points equally distant from 0. If we refer to the general form of the line-element of a surface
df = Edr2 + ZFdrdO + Gd6\
it is clear that in the present case, E= 1, since s= r when 0 = const. ; and F = 0, since the curves r = const, cut the geodesies d = const, at right angles by a theorem of the Calculus of Variations.* We have therefore on the surface
dr
*Cf. Kneser, A., Variationsrechnungj p. 48.    Bolza, 0., Calculus of Variations, p. 164.e pass from point to point. The space is then said to be of constant curvature. A new proof of Schur's theorem will be given in the following paragraph.
